Abstract Starting from the Boltzmann kinetic equations for a mixture of gas molecules whose internal structure is described by a discrete set of internal energy levels, hydrodynamic equations at Euler level are deduced by a consistent hydrodynamic limit in the presence of a two-scale collision process. The fast process driving evolution is constituted by mechanical encounters between particles of the same species, whereas inter-species scattering proceeds at the macroscopic scale. The resulting multi-temperature and multi-velocity fluid-dynamic equations are briefly commented on, and some results in closed analytical form are given for special simplified situations like Maxwellian collision kernels, or monoatomic hard sphere gases.
were used in this kind of analysis [7, 13, 22] . On the other hand, a multi-temperature approach naturally arises also in plasmas at high temperature [3] , in the flow field around hypersonic vehicles at high altitude [15] , as well as in several problems of aerothermodynamics [16, 21] . In fact, a one-temperature gas flow description is not reliable in thermal non-equilibrium conditions when vibrational relaxations and possible chemical reactions proceed at the gas dynamic time scale, as widely investigated, especially by the Russian school [12] . In more recent years, multi-temperature fluid-dynamic models have gained significance and interest in the frame of rational thermodynamics [14] . The macroscopic theory of homogeneous mixtures has been developed from basic principles on the assumption that each constituent obeys the same balance laws as a single fluid, yielding qualitative expressions for the coefficients in the exchange rates for species momentum and energy, and emphasizing the limiting role of a single temperature approach [19] . Several papers were published along this line, dealing with average temperature, Maxwellian iteration, heat conduction [9, 18, 20] , and leading also to a quantitative application to the problem of flame structure [4] . The interested reader is referred to the review article [17] for more exhaustive information on a matter that seems to attract a broad and intensive attention nowadays.
Of course, as usual, a consistent formal derivation of multi-temperature fluid-dynamics as an asymptotic limit in collision dominated regime of a kinetic theory description would be highly desirable [5] . The task becomes quite heavy if one wants to include into the picture an essential ingredient for the above physical scenarios, like the occurrence of chemical reactions. Preliminary results in this direction were obtained in [2] , but under very strong simplifying assumptions, mainly consideration of only translational degrees of freedom (monoatomic molecules). We shall consider here non-reactive mixtures, but we shall allow for an internal polyatomic structure, and subsequent additional degrees of freedom. In this way, there is exchange of internal energy in a collision, but without exchange of mass. The internal molecular structure may be taken into account by a discrete or continuous energy variable, as proposed in [10] and [6] , respectively. Following the former discrete approach, the hydrodynamic limit of the Boltzmann equations depends crucially on the fast processes driving the evolution, whose collision operators are labeled by an inverse small parameter (typically, a Knudsen number). Some hydrodynamic regimes, even for the reactive case, were already considered in [1] , but they were all leading to some single-temperature description. It is clear that, in order to avoid this restriction, one should be dealing with a gas in which equilibration within each single separate component runs faster than equalization of species parameters in the gas as a whole.
In [11] it was shown that, when the dominant operator is made up by all mechanical encounters preserving kinetic energy, including possible "resonant" collisions with change of internal state within the same species (as allowed by some form of degeneracy in the energy levels), hydrodynamic variables (apart from the usual mass densities) turn out to be given by a unique mass velocity and a unique translational temperature for the mixture, plus an internal (typically, vibrational) temperature for each species. The hydrodynamic limit is thus of multi-temperature type, though different from the previous ones. The slow gas-dynamic relaxation leads eventually to equalization of all temperatures, and, in case of reaction, to a mass action law for chemical equilibrium. A more detailed fluid-dynamic description could involve the presence of one mass velocity and of two temperatures for each species (one translational and one internal). We leave this formidable task to future research, and start addressing here the non-resonant problem, where vibrational temperatures disappear, but each species is endowed by its own velocity and (translational) temperature. In Sect. 2 it is assumed that fast collisions driving the overall evolution in our Q-component gas mixture are constituted by all mechanical encounters between particles of the same species.
Conservation of mass, momentum, and energy is postulated in each scattering event of any type. Kinetic energy is thus not conserved in general, due to transitions of colliding particles from one energy state to another. The Euler equations for the 5Q hydrodynamic variables (densities, velocities, and temperatures of each species) are derived and briefly discussed in Sect. 3. It is clear that this level of fluid-dynamic approximation represents a very simplified description of the physical problem under investigation, and has to be considered only as a first step in a complex asymptotic procedure that should lead eventually to more realistic hydrodynamic equations at Navier-Stokes level, featuring important dissipative effects like viscosity and heat flux. We hope to undertake this work in a near future. However, the present results constitute the preliminary but indispensable step for any further development, and their achievement requires, as we will see, significant amount of work in order to overcome nontrivial technical difficulties. In the present multi-temperature Euler equations, closed form analytical expressions for the slow collision contributions in the balance equations may be achieved under additional assumptions or in special situations (see Sect. 4), like Maxwell collision model, or only one energy level per species.
Kinetic and Macroscopic Equations
We shall start from the kinetic model for internal state transitions proposed in [10] , in which each species s, s = 1, . . . , Q, is endowed with a structure of N > 1 discrete energy levels, to mimic non-translational degrees of freedom. For a proper mathematical treatment, the QN different components are labeled according to a single index and ordered in such a way that the s-th chemical species may be regarded as the equivalence class of the indices i which are congruent to s modulo Q (we shall write simply i ≡ s). If A i , 1 ≤ i ≤ QN, denotes the general component, and E i the corresponding energy of its state, the general binary interaction is written as A i + A j A h + A k , and is described at Boltzmann level in terms of a cross section σ hk ij . We will denote by ΔE hk ij the net increase of internal energy E h + E k − E i − E j , whose gain or loss must be compensated by an opposite variation of the kinetic energies. Energies E i ≥ 0 are monotonically increasing with their index in the frame of each species, and all molecules A i with i ≡ s share the same mass m s . The kinetic equations for the evolution of the distribution functions f i (x, v, t) read [10] 
where g = |v − w|,n = (v − w)/g, and v hk ij /μ ij ; when the latter is positive, the unit step function Θ actually introduces a threshold for the collision. Moreover, the set D i is made up by all triplets (j, h, k) with h ≡ i and k ≡ j . The main properties of the collision operator J i (collision invariants, detailed balance, equilibria, H -theorem) are a byproduct of the detailed investigation performed in [10] , where also all major moments, defined in the usual way, are listed. They include number density n i of each component and N s of each species, the corresponding drift velocities u i and u s , total number density n, mass density ρ, mass velocity u, pressure tensor P, thermal energy density U = 1 2 trP (defining temperature T as in a perfect gas), thermal heat flux q, excitation energy density U * = QN i=1 E i n i , and excitation heat flux q * . We briefly recall here that there exist Q + 4 independent collision invariants for the global collision operator, and they correspond to the species number densities N s , the global mass velocity u, and the total energy, sum of the kinetic contribution 1 2 ρu 2 and of the internal one U + U * . Consequently, Q + 4 exact nonclosed macroscopic conservation equations hold
and collision equilibria are a (Q + 4)-parameter family of Maxwellians with a common drift velocity and temperature
where K is the Boltzmann constant and Z s the partition function. A strict entropy inequality for relaxation to equilibrium can also be established in terms of the classical H -functional
For the physical scenario described in the introduction, the typical mean free paths for collisions between components of the same species are much shorter than for collisions between components of different species, which in turn are of the same order as the macroscopic scale. Therefore the proper adimensionalization introduces an order parameter 1, representing the Knudsen number [5] for the "affine" collisions, the fast process, whose effects are dominant in the evolution problem. The scaled equations take then the form
where the superscripts FA (fast) and SL (slow) identify the sets, D FA i and D
SL
i respectively, to which the sums on the triplets (j, h, k) in (1) must be restricted, namely
We are led thus to the analysis of the leading operators J FA i , which ignore the presence of interactions between different species. The study can be performed following standard procedures of kinetic theory (the interested reader may find some more details in [10] and [1] ).
Collision invariants are in number of 5Q, and may be chosen as
with arbitrary a s , c s ∈ R and b s ∈ R 3 . Since Boltzmann lemma and detailed balance principle are easily shown to hold, the "fast" collision equilibria are given by
each with a species density, velocity and temperature as free parameters, and with dependence on the state via E i and via the structure of the energy levels E j , j ≡ s. Here Z s is the same as in (3), but computed at the species temperature T s . For any practical application one is mainly interested in the macroscopic equations which are obtained as weak forms of the kinetic equations when test functions are selected as the (independent) fast collision invariants. A convenient basis is provided by the three following options in (7), for each fixed s = 1, . . . , Q: b s = 0, c s = 0; a s = c s = 0; a s = 0, b s = 0. They would represent conservation of mass, of momentum, and of (total) energy within each species. However, the resulting balance equations will not be of conservative type, due to the presence of the slow collision operator, which does not vanish under the above test functions (there is exchange of momentum and energy between different species). The general weak form reads as
and, on using the Jacobian dv 
may be recast, after suitable rearrangements of sums and integrations, as
Now take for ϕ i the string which, once a species s is assigned, shows 1 in all positions i which are congruent to s, and zero elsewhere. Take the corresponding weak form of Eq. (5), and notice that, by virtue of Eq. (11), all collision contributions vanish (mass of each species is preserved also by slow collisions). Since ρ s = m s N s and ρ s u s = i≡s ρ i u i , we obtain simply the continuity equation for species s
This coincides of course with the first of (2) . Notice that it is closed in the present framework. Take then for ϕ i the string which, for given s, exhibits m i v = m s v in all positions which are congruent to s, and zero otherwise. After a little algebra, the corresponding weak form of Eq. (5) takes the form
with appearance of mass velocity and pressure tensor of each component of the considered species, and with a momentum exchange rate
Finally, take for ϕ i the string which, for fixed s, exhibits
which involve additionally heat flux of each component of the species s, and with an energy exchange rate
The 5Q exact, kinetic theory based, macroscopic balance equations are then expressed by (12) , (13), (15) , and are nonclosed with respect to the 5Q hydrodynamic fields N s , u s , T s . Constitutive equations are needed for all fields which are relevant to single components of a species, in particular P i and q i , and for the collision contributions on the right sides, (14) and (16) , that involve the specific distribution functions f i , and bear trace of their kinetic origin via the collision kernels affecting all integrals.
It can be noticed that, if all R s are summed over s, we are allowed an additional substitution in the integrations and summations to be performed, namely v ↔ w,n ↔ −n , i ↔ j , s ↔ r, and this leads to a symmetrized form (18) so that microscopic conservations in the single collisions imply the expected overall macroscopic conservations of momentum and energy
Consequently, summing over s equations (13) and (15) yields consistently momentum and energy conservation for the gas mixture as expressed by the second and third conservation laws in (2).
Hydrodynamic Euler Equations
The lowest order hydrodynamic closure we are interested in here is now achieved by substituting the fast collision equilibria (8) for the distribution functions in all moments and integrals appearing in Eqs. (13) to (16) . One gets rather easily for the moments
where the known functionĒ s (T s ) represents an equilibrium average of the energy states of the general species sĒ
and accounts for the correction to the energy law for the s-th molecules due to the nontranslational degrees of freedom. Euler equations for the present model of a polyatomic gas mixture, for physical situations in which collisions between equal molecules are much more likely than any other event, read then as (s = 1, . . . , Q) A deep and detailed comparison of these results, obtained as asymptotic limit of a kinetic approach, with other models, especially from thermodynamics, is out of the goals of this paper, and will be matter of future work. However, we shall try to push analytical calculation of the production terms as far as possible in order to extract their main features and to analyze, at least in some simple cases, their trends versus the hydrodynamic fields.
To this end, we start writingR s = r =sR sr , witĥ
where integrations with respect to the unit vectorn ∈ S 2 may be performed separately, leading to the angular moments of the collision kernel
Then, the product of the two Maxwellians can be cast as 
and G sr is the center of mass velocity ε sr v + ε rs w. At this point, since dv dw = dG sr dg, also the integration over G sr ∈ R 3 may be performed explicitly, and one ends up witĥ
Now it is easily realized thatR sr = 0 whenever u s = u r , and that it is a vector parallel to u s − u r when u s = u r , i.e.R sr = −X srêsr , whereê sr is the unit vector in the direction of u s − u r . This allows to push further analytical manipulations in polar coordinates, leaving only a one-dimensional integral with respect to g = |g|
Of course the final integration depends on the specific form of the collision kernel B hk ij . However, setting Δ sr = β 1/2 sr |u s − u r |, we may write
where
We may conclude thatR sr is a vector proportional to u s − u r , and that its component on that direction is linear in N s and N r , and depends on the other hydrodynamic parameters only via T s , T r , and |u s − u r |. There is little hope to cast X hk ij in closed analytical form, even for some simple model of the reduced collision kernelB hk ij . Some special cases are discussed in the next section.
Similar steps are then in order for the energy exchange rateŜ s = r =sŜ sr , witĥ
After noticing that
integrations with respect ton and G sr may again be performed explicitly, and, skipping technical details, one ends up with an integral over g, amenable to a one-dimensional integral over g
(for u s = u r the fraction inside the integral must be replaced by its limiting value 4β sr ge −βsr g 2 ). The latter expression may be finally recast aŝ
where the integrals Y hk ij depend also on a weighted temperature difference via γ sr :
Once moreŜ sr depends in general on the hydrodynamic variables T s and T r separately, and on velocities only through |u s − u r |.
Exchange Rates for Simple Models
If we assume isotropic Maxwell-molecule type of interaction for a given collision (i, j ) → (h, k), we may writeB 
we need to compute also, with δ hk ij > 0, the integrals
which, with the presence of an irrational function of x, seems not to be amenable to any of the most common elementary or special functions. A notable simplification occurs for monoatomic gases (N = 1), which is a kind of limiting situation, or toy model, for our physical system, but nevertheless can provide, as usual, some insight on the general problem, especially about dependence of the exchange rates on the hydrodynamic fields or combinations thereof. In particular, results can be useful for comparison with a general thermodynamic theory, based on first principles only, in whose frame they should not depend on the specific molecule, nor on the type of intermolecular potential. In the case of a single internal level, energy jumps are absent and sums are made up by a single term, so that momentum exchange rates collapse tô
For a Maxwellian collision model like (36), the final expression is very easŷ
but other collision models may allow explicit integration. The most significant one is probably the rigid sphere modelB
and we quote here for illustrative purposes the final pair exchange rate (for u s = u r )
in agreement with a result of [2] . The projection X sr depends here on velocities u s and u r only via |u s − u r |, and on temperatures T s and T r only via the combination μ sr γ sr β 
which recovers a result from [2] . In this simplified case also other collision models can be worked out explicitly. Above results about the dependence of the exchange rates on the hydrodynamic variables seem, at least qualitatively, not to be directly amenable to trends predicted, in a different frame, starting from basic principles of thermodynamics [19] . Quantifying and understanding the relevant discrepancies is scheduled as future investigation.
